Abstract In this paper, a coupled FitzHugh-Nagumo (FHN) neural system with time delay has been proposed and its stability and Hopf bifurcation are researched. Specifically, the stability of equilibrium point is analyzed by employing the corresponding characteristic equation. Sufficient conditions for existence of Hopf bifurcation are obtained. The results show that the FHN neural system exhibits the parameter regions involved the delay-independence stability and delay dependence stability. Increase of time delay can induce the stability switches between resting state and periodic activity. Furthermore, the direction of Hopf bifurcation and the stability of the bifurcating periodic solutions are determined by the normal form theory and the center manifold theorem for functional differential equations. Finally, some numerical simulations are carried out for illustrating the theoretical results. 
Introduction
In recent years, there is growing interest in applying nonlinear dynamics to Neural network model such as Hopefield/CohenGrossberg neuron networks [1] [2] [3] [4] [5] [6] , the Hodgkin-Huxley (H-H) models [7] , FitzHugh-Nagumo (FHN) neurons [8] [9] [10] [11] , or Kuramoto models [12] . The FHN neuronal model is one of the most popular mathematical models which can exhibit a hard oscillation, separatrix loops, as well as bifurcations of equilibria under suitable values of the parameters. It was derived as a simplified model of H-H equation by FitzHugh [8] and Nagumo [9] . The FHN model can describe physiological phenomena similar to those corresponding to the H-H model. A complete topological and qualitative investigation of the FHN equation with a cubic nonlinearity has been done by Bautin [13] and a rich variety of nonlinear phenomena are observed. In recent years, the FHN model is commonly used to study neural firings because of its simplicity. The dynamics of the coupled FHN neurons with a symmetric and nonsymmetric coupling was studied in [14] [15] [16] , in which rich bifurcation behavior for equilibria and limit cycles was observed. Recently, for bidirectional coupling case between two oscillators, Anderson Hoff et al. [17] , have studied the following model:
where x i and y i , i ¼ 1; 2, represent the voltage across the cell membrane, and the recovery state of the resting membrane of a neuron, respectively. On the other hand, a; b and c are parameters, and c is the coupling strength between the network elements.
In fact, considerable time delays are ubiquitous in all the biological processes. Moreover, time delays play an important role in the system dynamics and cannot be ignored in the modeling [18] [19] [20] [21] . Particularly, it is known that time delays always occur in the signal transmission for real neurons. In [17] , these FHN neurons with time-delay coupling have been numerically investigated involving the effects of the four parameters on bifurcations and synchronization. In [22] , Gan et al. give the following model by adding Gaussian noise and delay s to the FHN equations to study its stochastic resonance phenomenon: 
Because the time delay in the system (1) is inevitable due to the finite propagating speed in the signal transmission between the neurons [23] . As a special case of systems (1) and (2), we now rewrite system (1) as the following form:
where all of the variables have the same meaning of system (1). s > 0 represents the time delay in signal transmission. Although Gan et al. studied the stochastic neuronal dynamics of the system (2), the stability and Hopf bifurcation of system (2) have not been further researched. Thus, in the present paper, we discuss the stability and the local Hopf bifurcation of system (3) continuously. It has been proved that time delay can drive the system to occur sustained oscillations by Hopf bifurcation analysis. The results show that the FHN neural system exhibits the parameter regions involved the delay-independence stability and delay dependence stability. Increase of time delay can induce the stability switches between resting state and periodic activity. Therefore, this study might be helpful to the comprehension of Neural network system. We would like to mention that the normal form method has been applied effectively in the study of singularities of vector fields and in bifurcation analysis [24] [25] [26] . And recently there are several articles [27] [28] [29] on the zero singularity in delayed differential equations based on the normal form method and center manifold theorem introduced by Faria [30] and Hale [31] , respectively.
The paper is organized as follows. In Section 2, by analyzing the characteristic equation of the linearized system of system (3) at the unique equilibrium, it is found that under suitable conditions on the parameters the unique equilibrium is asymptotical stable when s is less than a certain critical value and unstable when s is greater than this critical value. Meanwhile, according to the Hopf bifurcation theorem for functional differential equations (FDEs) [31, 32] , we find that the system can also undergo a Hopf bifurcation at the unique equilibrium when the delay crosses through a sequence of critical values. And a family of nonconstant periodic solutions is emerged. In Section 3, to determine the direction of the Hopf bifurcations and the stability of bifurcated periodic solutions occurring through Hopf bifurcations, an explicit algorithm is given by applying the normal form theory and the center manifold reduction for FDEs developed by Hassard, Kazarinoff and Wan [33] . To verify our theoretical results, some numerical simulations are also included in Section 4.
Stability of the equilibrium and local Hopf bifurcations
Obviously, the equilibrium ðx Ã ; y Ã ; x Ã ; y Ã Þ of system(3) for s ¼ 0 satisfies
. P 0 ðx Ã ; y Ã ; x Ã ; y Ã Þ is a unique positive equilibrium when the condition ðH1Þ a > ffiffi ffi 3 p ; and 0 < b < 1 holds. Throughout this section, we always assume that the condition ðH 1 Þ holds.
In the following, we focus on the existence of local Hopf bifurcation at equilibrium P 0 ðx Ã ; y Ã ; x Ã ; y Ã Þ of system (3). Let x 1 ðtÞ ¼ x 1 ðtÞ À x Ã ; y 1 ðtÞ ¼ y 1 ðtÞ À y Ã ; x 2 ðtÞ ¼ x 2 ðtÞ À x Ã ; y 2 ðtÞ ¼ y 2 ðtÞ À y Ã and still denote x 1 ðtÞ; y 1 ðtÞ; x 2 ðtÞ; y 2 ðtÞ by x 1 ðtÞ; y 1 ðtÞ; x 2 ðtÞ; y 2 ðtÞ. The system (3) is equivalent to the following system: 
and the unique equilibrium ðx Ã ; y Ã ; x Ã ; y Ã Þ of system (3) is transformed into the zero equilibrium ð0; 0; 0; 0Þ of system (5). It is easy to see that characteristic equation of the linearized system of system (5) at the zero equilibrium ð0; 0; 0; 0Þ is
From (6) we have
It is well known that the stability of the zero equilibrium ð0; 0; 0; 0Þ of system (5) is determined by the real parts of the roots of Eq. (7) . If all roots of Eq. (7) locate the left-half complex plane, then the zero equilibrium ð0; 0; 0; 0Þ of system (5) 
& then all roots of Eq. (7) have negative real parts, and hence the zero equilibrium ð0; 0; 0; 0Þ of system (5) is asymptotically stable.
Next, we consider the effects of a positive delay s on the stability of the zero equilibrium ð0; 0; 0; 0Þ of system (5) . Since the roots of the characteristic Eq. (7) depend continuously on s, a change of s must lead to change of the roots of Eq. (7). If there is a critical value of s such that a certain root of Eq. (7) has zero real part, then at this critical value the stability of the zero equilibrium ð0; 0; 0; 0Þ of system (5) will switch, and under certain conditions a family of small amplitude periodic solutions can bifurcate from the zero equilibrium ð0; 0; 0; 0Þ; that is, a Hopf bifurcation occurs at the zero equilibrium ð0; 0; 0; 0Þ. Now, we look for conditions under which the characteristic Eq. (7) has a pair of purely imaginary roots.
Clearly, ix þ ðx þ > 0Þ is a root of the first Eq. (7) if and only if x þ satisfies the following equation:
Separating the real and imaginary parts of the above equation yields the following equations:
Adding up the squares of the corresponding sides of the above equations yields the following algebra equation with respect to (9) can be denoted simply as the following equation:
where
It is easy to see that if the condition ðH3Þ p 1 > 0 and r 1 > 0 holds, then (9) has no positive roots. Hence, all roots of the first equation of (7) have negative real parts when s 2 ð0; 1Þ under the condition (H3).
If ðH4Þ r 1 < 0 holds, then (9) has a unique positive root
and
If ðH5Þ p 1 < 0; r 1 > 0 and ðp 1 Þ 2 > 4r 1 holds, then (9) has two positive roots x (8), we obtain
Similarly, ix À ðx À > 0Þ is a root of the second Eq. (7) if and only if x À satisfies the following equation:
Separating the real and imaginary parts of the above equation yields the following equations
Adding up the squares of the corresponding sides of the above equations yields the following algebra equation with respect to
Let z ¼ ðx À Þ 2 , then Eq. (16) can be denoted simply as the following equation
Obviously, p 1 ¼ p 2 ; r 1 ¼ r 2 . Thus, separating (11) and (18), we have
Dynamic effects of time delay
For convenience, we rewrite x þ 0 and x À 0 as x 0 ; x þ 1;2 and x À 1;2 as x 1;2 , then we have AEix 0 that are a pair of purely imaginary roots of (7) with s ¼ s AE j ; j ¼ 0; 1; 2 . . . ; AEix 1;2 that are a pair of purely imaginary roots of (7) 
such that
For ðH5Þ, let
Let kðsÞ ¼ aðsÞ þ ixðsÞ be a root of (7) near s ¼ s j and aðs j Þ ¼ 0;
In fact, when s ¼ s þ j , substituting kðsÞ into the left hand side of the first equation of (7)and taking derivative with respect to s, we have dk ds
which leads to dðReðkðsÞÞ ds According to above analysis and the Corollary 2.4 in Ruan and Wei [34] we have the following results: (3) is asymptotically stable for d j < s < s j and unstable for d jþ1 > s > s j . Furthermore, system (3) undergoes a supercritical Hopf bifurcation at the equilibrium P 0 ðx Ã ; y Ã ; x Ã ; y Ã Þ when s ¼ s j . (iii) If (H5) holds, there exists r j satisfied 0 6 r j 6 s k . The equilibrium P 0 ðx Ã ; y Ã ; x Ã ; y Ã Þ of system (3) is asymptotically stable for r j < s < s k and unstable for r jþ1 > s > s k . Furthermore, system (3) undergoes a supercritical Hopf bifurcation at the equilibrium P 0 ðx Ã ; y Ã ; x Ã ; y Ã Þ when s ¼ s k .
Without loss of generality, here we only discuss the case of 
Direction and stability of the Hopf bifurcation
In the previous section, we studied mainly the stability of the unique equilibrium p 0 of system (3) and the existence of Hopf bifurcations at p 0 . In this section, we shall study the properties of the Hopf bifurcations obtained by Theorem 2.4 and the stability of bifurcated periodic solutions occurring through Hopf bifurcations by using the normal form theory and the center manifold reduction for retarded functional differential equations (RFDEs) due to Hassard et al. [33] . Throughout this section, we always assume that system (3) 
Define the linear operator LðlÞ : C ! R 4 and the nonlinear operator fðÁ; lÞ : C ! R 4 by Thus, we can easily obtain 
We may choose
Þs j e Àix 0 sj ;
Þs j e ix 0 sj ; ð37Þ which assures that hq Ã ðsÞ; qðhÞi ¼ 1. By using the same notions as in [33] , we first compute the coordinates to describe the center manifold C 0 at l ¼ 0. Let x t be the solution of (26) 
Comparing the coefficients with (42), we obtain
Since there are W 20 ðhÞ and W 11 ðhÞ in g 21 , we will need to compute them.
From (34) and (38), we have 
Substituting (50) and (54) into (52), we obtain
From the definition of A, we have
Therefore, when l ¼ 0, we have Z 0 À1 e 2ix 0 sjh dgðhÞ
where k ¼ ix 0 . Similarly, substituting (51) and (55) into (53), we get
It follows from (50), (51), (57) and (58) 
Numerical simulations
In this section, we give some numerical simulations for a special case of system (3) to support our analytical results obtained in Sections 2 and 3. We take system (3) with the coefficients a ¼ 1:95; b ¼ 0:17; c ¼ 0:35; c ¼ 1:3 for example; that is,
The above set of parameters are chosen by using method of parameter estimation under the biochemical constraints [35] [36] [37] . Obviously, a ¼ 1:95 > ffiffi ffi 3 p and 0 < b ¼ 0:17 < 1, the condition ðH1Þ holds. Therefore system (3) has a unique positive equilibrium P 0 ð1:88911; 0:358148; 1:88911; 0:358148Þ.
Under the set of parameter values, the conditions (H2), (H5) and Lemma 2.2 are satisfied. By computing, we may obtain that a unique positive equilibrium x 0 ¼ 1:79323; s k ¼ 0:763578 þ 3:50384k; ðk ¼ 0; 1; 2; :::Þ. From Lemma 2.1, we know that the transversal condition is satisfied. Thus the equilibrium P 0 ð1:88911; 0:358148; 1:88911; 0:358148Þ of system (60) is asymptotically stable when s ¼ 0 (see Fig. 1 ). On the other hand, the conditions (H1), (H2) and (H5) hold. From the second point in Theorem 2.4, we know that the positive equilibrium P 0 of system (60) is asymptotically stable when 0 6 s < s 0 ¼ 0:763578 (see Fig. 2 ), and unstable when s > s 0 , and system (60) can also undergo a Hopf bifurcation at the positive equilibrium P 0 when s crosses through the critical values s j ¼ 0:763578 þ 3:50384k; ðk ¼ 0; 1; 2; :::Þ, i.e., a family of periodic solutions bifurcated from P 0 ð1:88911; 0:358148; 1:88911; 0:358148Þ (see Fig. 3 ).
By the algorithms derived in Section 3, we can obtain l 2 ¼ 0:0397679; b 2 ¼ À0:0986457; T 2 ¼ 0:113445. Therefore, from Theorem 3.1, we know that system (60) can undergo a supercritical Hopf bifurcation at the positive equilibrium P 0 when s ¼ s 0 ¼ 0:763578 and the bifurcated periodic solution occurring from the Hopf bifurcation is orbitally asymptotically stable on the center manifold. To summarize, the positive equilibrium point P 0 ð1:88911; 0:358148; 1:88911; 0:358148Þ of the system without delay is asymptotically stable. When delay is less than critical values, the positive equilibrium P 0 ð1:88911; 0:358148; 1:88911; 0:358148Þ is asymptotically stable, as shown in Fig. 2 . And unstable when delay is greater than critical values and can undergo a Hopf bifurcation that occurs at the positive equilibrium as shown in Fig.3 . 
Conclusions
In this paper, a coupled FHN neural system with time delay has been proposed and dynamic behaviors are analyzed by using Hopf bifurcation technique. Specifically, the stability of equilibrium point is analyzed via corresponding characteristic equation. Sufficient conditions for existence of Hopf bifurcation are obtained. Moreover, we proved that some families of periodic solutions appear when the delay s passes through some certain critical values and meanwhile the equilibrium point will lose its stability and Hopf bifurcation will occur. Finally, numerical simulations are given to support the theoretical results. These results show that the FHN neural system exhibits the parameter regions involved the delay-independence stability and delay dependence stability. Increase of time delay can induce the stability switches between resting state and periodic activity. In other words, the speed of signal transmission between neurons can largely affect the property of neural networks. Changing the speed can lead to the neuron switch its state between quiescent state and oscillation. This might provide some clues or helps to the fields of neuroscience and biomedicine. 
